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Abstract:

A queuing model has been created for a system with four servers, allowing customers to return to any server. Each
customer can revisit upto finie number of times and may need services from one or all servers. If a customer requires
assistance from multiple servers, they will first go to the first server and then can choose to visit either of the other three.
After receiving service from any server, the customer can either return to another server or exit the system based on their
satisfaction. The likelihood of a customer leaving a server changes with each visit, differing from their previous departure
probability. The Mean Queue Length of the system is calculated from the steady state equations developed from the model.
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1. Introduction

In the Queueing theory we deal with the study of optimizing the waiting time of service. Generally, queues are formed
when the supply of service does not balance with the demand of service. We face queueing problem everywhere in our
day-to-day life such as in the banks, post offices, hospitals, airports, highway tolls etc. Many authors did a lot of work on
queueing theory.

Mean Queue length of a feedback queueing system having three service channels wherein a customer may go forward/back
to any service channel can be found. But there is no restriction on the number of such movements . Mean queue length
of the feedback queueing system changes with respect to different queueing characteristics keeping the other parameters
constant which comprises of three servers linked in series hierarchically 1. The sensitivity analysis of a multiple-server
queuing system with reverse balking and reneging is carried out by obtaining the performance measures like average
system size, average rate of reneging, and average rate of reverse balking are obtained [¥l. Designing the queue size in
terms of the steady-state probabilities is a more reasonable and rational method than the expected queue length [, A
simple and direct approach have been provided to determine quality control policy and optimization of the Markovian
feedback customers that has single-server and limited system capacity under steady-state situation adding the concepts of
balking and retention of reneged customers °I. After the completion of servicing in the high-speed server of a system with
heterogeneous servers, MMPP flow, and instant feedback, primary calls according to the Bernoulli scheme either leave
the system or immediately require re-servicing. Repeated (feedback) calls are served in a low-speed server, and after the
service is completed, feedback calls can be repeated many times©l. System size along with other performance measures
of a multiserver Markovian queuing model can be obtained under the assumption that customers are state aware so that
their impatience is state dependent "), A stochastic queuing model developed and solved for the system facing issues on
the impatient behaviour of customers can help firms measure their performance well in advance and device strategies for
effective management of the system . Transient state probabilities for exact number of arrivals and departures from the
two-state retrial queueing systems applicable in computer systems with feedback having two identical parallel servers,
can be obtained when both, one or none of the servers is busy . Mean queue length and other queueuing characteristics
of a system of complex feedback queue model containing three subsystems; one is comprised with two biserial service
channels and other with two parallel service channels can be obtained in which both the subsystems are commonly
connected with a central service channel 1% An extensive review of studies addressing queueing-related problems
explicitly related to patient scheduling and queueing in emergency departments is provided and discussed scientific
methodologies used to analyse and optimize algorithms, priority models, queueing models, simulation, and statistical
approaches 1. An M/M/1 retrial queue under differentiated vacations and Bernoulli feedback policy is analysed in which
on receiving the service, if the customer is not satisfied, then he may join the retrial group again with some probability
and demand for service or may leave the system with the complementary probability (1. Some performance measures
such as mean queue length of the system, waiting time etc. of a single server batch service queue model with feedback
and second optional service under a transient and steady state environment can be analyzed [*%l. Mean queue length of a
four-server hierarchical structured queuing system with feedback and revisit of customer at most once to any of the servers
increases and decreases with respect to different parameters (141,
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No author worked on four server feedback queueing system with the facility of having revisits of customer upto finite
number of times. Keeping this in view we have calculated the mean queue lengths of the system using the steady state
equations and generating function technique.

2. Notation
A: Mean Arrival rate at 1% server (Si)
w: service rate of 1% server (Si)
ue: service rate of 2"server (Sy)
ua: service rate of 3 server (Ss)
wa: service rate of 4™ server (S)
p'12: the probability of customer going from 1%to 2™ server ith time.
p'13: the probability of customer going from 1%%to 3" server ith time.
p'14: the probability of customer going from 1%to 4™ server ith time.
p': the probability of exit of customer from 2" server ith time.
pi2s: the probability of customer going from 2™ to 3™ server ith time.
pi24: the probability of customer going from 2™ to 4™ server ith time.
pi21: the probability of customer going from 2™ to 1%t server ith time.
p's: the probability of exit of customer from 3™ server ith time.
p' 31: the probability of customer going from 3™ to 1% server ith time.
p's2: the probability of customer going from 3™ to 2" server ith time.
p'a4: the probability of customer going from 3" to 4™ server ith time
p'a: the probability of exit of customer from 4" server ith time.
pla1 : the probability of exit of customer from 4" to 1%t server ith time.
p's2: the probability of customer going from 4™ to 2" server ith time.
p'43: the probability of customer going from 4™ to 3" server ith time.
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3. Formulation of Problem

The queue network consists of four service channels in such a manner that first server (S1) is centrally linked with the
remaining three parallel servers (Sz), (S3) and (S4). It is assumed that customer arrives at first server (S;) from outside the
system and then may go to any one of the second (S>), third (Ss) and fourth (S4) server. The situation has been shown by
the following sate transition diagram:

n |

/ > g
— Sl
1 n3
Ss >
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Diagram Showing Movement of the Customers from Various Servers

A customer either goes to the second, third, or fourth server after receiving service from the first server ith time, so that
p'i2 + plia+ p'e=1. Once a customer is satisfied, they can leave the system from the second server or proceed to the third,
or fourth server or back to first server so that p'o+ plai+ pizs+ pias=1. In order to pis+ p' 31+ plao+ p'as=1, s/he can leave the
system from the third server or go to the fourth, second, or first server. In a similar vein, the user may leave the system
from the fourth server or switch to the third, second, or first server. Thus, p's+ p'ai+ plaa+ p'as=1.

Let Q, 1, n,n, 1S the probability of having ny, nz, ns, ns customers at server 1%, 2%, 3 and 4™ server at any time t.
The steady—state equations for different values of ni, nz, n3 and n4 are given by:

(0 + P2+ s + pa) in,nz,n3,n4 = anl—l,nz,n@nA +

+ A Qn1-¢—l,nz—l,n3,n4 1y A14 Qn1+1,n2,n3,n4—1+

+M1 AlSQn1+1,n2,n3—1,n4 +H2 BZl in—l,n2+1,n3,n4

+ MZBZ in,n2+l,n3,n4 +H2 BZS in,n2+1,n3—l, n

+ 27 BZ4 in,n2+l,n3,n4—1 + Hs C3 in,nz,n3+1, n,

+ U3 C31 in—l,nz,n3+l,n4 +“3 C32 in,nz—l,n3+l,n4

+ M3 C34in,n2,n3+l, n,-1 +u4 D4 in,nz,n3,n4+l

+ M4D41 Qn1—1,n2,n3,n4+l +M4 D42 in,nz—l,n3,n4+1

tHy D43 in,nz,n3—l,n4+1 ...(D)
Putn; =0
(Fpe+pstpa) Qo oo =My QuQin i,

+ 1A Ql,nz,n3—1,n4 Ty A14Q1,n2,n3,n4—1

+ 1B, Qo iingn, TH2 B Qo vingan,
+ MZBZ4QO,n2+1,n3,n4—1 +H3 CS Qo,nz,n3Jr1,n4

+ 13C 5 Qon, 10,010, TH3Cas Qon,ngran, 1
+ 1Dy Qop,nongn THa Dy Qo inyn

+ 14D Qo nytn, st .2
Putn,=0
(}\’ + ul + “3 + HA)in,O,n3,n4 = }\’in—l,o,n3,n4

+ Ay Qn1+1,0,n3,n4—l + A Qn1+1,0,n3—1,n4
+ 2% BZlin—l,l,n3,n4 +M2 BZ in,l,n3,n4

+ 27 B23 in,l,n3—l,n4 +u2 BZ4 in,l,n3,n4—l

+ H3 Gy in,O,n3+l,n4 +u, Cy in—l,O,n3+l,n4
+ M3 C34 Qn1,0,n3+1,n4—1 + My D4 in,O,n3,n4+l

+ My Dy Qnvongnen T HaDiQnon, 10, e
Putn;=0

(A +py +p,+ M4)Qn1,nz,o,n4 =\ in—l,nz,o,n4
+ ulAlen1+l,n2—l,O,n4 Ay Qn1+l,n2,0,n4—l
+ 1By Quanysnon, THB2 Qo iion,
*+ 1y By Qo nyion, 1 TH3C3 Qo 1,
+ 13C5 Qninyin, TH3C2 Qu g,
+ M3C34 in,nz,l,n4—1 + D4 in,nz,o,n4+1
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+ 14Dy Qi ona THaDuQn i 100,
Putns=0

(A +py +p, + Hs)in,nz,n3,o =A in—l,nz,n3,0
+ A Qn1+l,nz—l,n3,0 + A Qn1+1,n2,n3—l,0
+ 1By Qn anian0 TH2 B2 Qo i i

+ 1B %Qn n im0 T3 Cs Qo niiio

+ u3C3lQn1—1,n2,n3+l,0 +13Cy in,nz—l,n3+1,0
+ 1Dy Qo nont T HaDa Qu i s

+ 1Dy in,nz—l,n3,l U, D43in,n2,n3—l,l
Putns=n;=0

(A +ps+ u4)QO,O,n3,n4 =wAy, Ql,O,ns,n4—1
+ WA Ql,o,n3—l,n4 + MZBZQO,Lns,nA

+ 1,By Qo,l,n3—l,n4 +u, By QO,l,n3,n4—1

+ MsC3Qo,o,n3+1,n4 +M3C34Q0,0,n3+1,n4—1

+u,D, QO,O,n3,n4+1 +1,Dyg QO,O,n3—1,n4+l
Putni, n3=0

(A +p, + M4)Qo,n2,o,n4 = Ay Ql,nz—l,O,n4
H1A14Q1,n2,0,n4—1 + HszQo,nzﬂ,o,n4

U, BZAQO,n2+l,O,n4—l + M3C3Q0,n2,1,n4
+13C5 Qo 11n, THaC2u Qo 10,1
+u, D, QO,nZ,O,n4+l

+1,Dy QO,nz—l,O,nAJrl
Put Ny, Ny = 0
(A +p, + Hs)Qo,nz,n3,o = H1A12Q1,n2—1,n3,0

+FARQ1 N, n10 TH2B2Qon, 1m0
+1,B5%Q0 5,110,107 H3C3Q0n, 1,410
+13C5 Q01,1010 THaD4Qon, 0,1
+u,Dy QO,nz—l,n3,1 + H4D43Q0,n2,n3—1,1
Putny,nz=0

A+ + H4)Qn1,0,0,n4 = 7\’Qn1—1,0,0,n4
+14Q1 Q110001 T H2B2Qn 110m,
+ MZBZin,l,O,m + Hsz4in,1,o,n4—1

+ H3CSQn1,o,o,1n4 + }'Le.Clenl—l,o,l,n4
+13C3 Q0 00,1 T HaD4Q0 000,41
+ H4D41Qn1—1,0,0,n4+1

Putnz, ns=0

A+, + H3)Qn1,o,n3,o =AQ0, 10n,.0
+AEQ om0 THB2Qn 1100

..(5)

...(6)

.(7)

.(8)

...(9)
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+ HszQn1,1,n3,o + MZBZ3Qn1,1,n3—l,O

+ Hschnl,o,n3+1,o + Haclenl—l,o,n3+1,0
+ Uy D4Qn1,o,n3,1 +U, D41Qn1—1,0,n3,1

+ ”’4D43Qn1,0,n3—1,l

..(10)
Forns, ns=0
(7\’ + Hl + MZ)in,nz,0,0 = anl—l,nz,0,0 +
+ ulQlZQn1+1,n2—1,0,O + M2821Qn1—1,n2+1,0,0
+1,B,Q, w00 TH3C3Q0 0, 10
+ H3C31Qn1—1,n2,1,0 + M3C32in,n2—1,1,o .
Forng, nz, nz =0
(A + PLA)QO,O,O,m, = H1A14Q1,0,o,n4—1
+1,B,Qo1.00, +12B2Qo100,1
+13C5Q0 010, T H3C2 Qo 010, 4
+1,D,Q0 00,1 .(12)
Forng, n3, ny;=0
A+ Mz)Qo,nz,o,o = H1A12Q1,n271,0,0
2% BZQO,n2+l,0,0 + Hscho,nz,l,o
+13C5Qon, 110 T HaD4 Qo 01
+ 14D Q0,101 ...(13)
Forng, n3, ny;=0
(A +1)Qn, 000 =AQn, 1000 T H2B2Q:n 1100
+1,B,Q0, 100 T HC3Q0 010
+13C5 Q1010 T HaDaQp 001
+1,D4Qn 1001 ...(14)
Forni=n,=ns=0
A+ Hs)Qo,o,n3,o = H113Q1,0,n3—1,0
+ HszQo,l,n3,o + MZBZ3QO,1,n3—1,O
+13C3Q0, 01,410 T HaD4Qo 0,1
+ “’4D43Q0,0,n3—1,1 ...(15)
Forni=ny=n3=ns=0
AQo,0,0 =12 B2 Qo 1,00+ 13Cs Qo,0,1,0
+ “‘4D4Q0,0,0,1 (16)

1 : ng,n,,ng,n, =0
Qn no,NaN =
o otherwise
FOGY,ZR)=D D> > D Quonn X™Y2.ZBR™
n;=0 n,=0 n3=0 n,=0

where [X|=|Y|=|Z]=|R|=1 ..(17)

682


http://www.veterinaria.org/
http://www.veterinaria.org/

REDVET - Revista electronica de Veterinaria - ISSN 1695-7504

Vol 24, No. 4 (2023)

http

Article Received: Revised: Accepted:

:/lwww.veterinaria.org

Gnzngn4 (X) = i Qn1n2n3n4an
n;=0

FOCY,ZR) =D Qe XM Y ZHR™
we further define :

G, non (X) = i inn2n3n4xn1 ..(17A)
n;=0
G, (5Y)= G, . (X) Y™ (7B)
n,=0
G, (X,Y,2)= i G, 0, (X Y)Z" ...(17C)
n;=0
F(X,Y,ZR)=Y G, (X,Y,Z)R™ (17D
n,=0

Solving the above equations and using generating functions we have:

1By (Ap(1-CyBy) +Cyp (AyD gy + Ay) + (ACy +AL)D,,)
+1,(Cy(BuDyg +By) + By (Cy +1)Dyy ) + 1,C (A (BsDys + B )
+(Ay —Ap)BxD,) +AMCy (-BxgDys —By) + By (-Cy —1)Dy,)
1 (ApBy (Co +1) + (A —AL)BRxCy)Dy,

1By (Ap(1-CyBy) +Cyp (AyDyy + A) + (ACy +AL)D )
+1,(Cyp(BuDyg +By) + By (Cy +1)Dyp ) + 1,Cy (A, (ByDys + B )
+(Ay —AR)BxD L) + 1 (ApB (Cy +D) + (A —A,)BxC,)D,

...(18)

2

1By (A (1-CyDys) + Coy (ADys + Ay) +(ACyy +AL)D,,)
+ U3 (AL (L-CyDy) +Cyy (ADys + Ap) + (ACy +AL)D,
+ 1, (Cp(BiDys +By) + By (Cyy +1)D ) + 1,Cq (A, (ByD g +Byg)

_ + (AL —AR)BxD,) + 1, (A, B, (Cy +D) + (A3 —AL)B4C,)D,
1By (A (1-CyDys) + Coy (AuDys + A) + (ACy +AL)D,,)

+ 1, (Cp(BiDyg +Byg) + By (Cyy +1)D ) + 1,Cq (A, (ByDyg +Byg)

+ (A, —AL)ByDy) + 1, (ARBL(Cy +1) + (A —AL)BLCL,)Dy,

...(19)
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B, (A,(1-C, D) +Coh (AD s +AL)+(ALC, +AL)D,,)
+1,;(Cy,(ByxDyy +B,) + B (Cyy +1)D,, ) +1,C5 (A, (Bs Dy +BJs)
+(A, —A;)BLD,,)+A(ALBLD, +B)+ (AL, —AL)BLD,,)

_ R (ARBR (Cy +1) + (A —AL)B,C5)Dy,
1By (A (1-Cy D) +Copy (AyDys + Agy) +(ACyy +AL)Dy,)

3

+15(Cyp (BsDys +By) + By (Cyy +1)D ) +15C5 (A, (BDyg +By;)

+(Ay —AR)BiD,) 1 (ALB4(Cy +D) + (A —AL)BLCL,)Dy,
..(20)

1By (A, (1-Cy D) +Cyy (AyDyg +Ay) +(ACy +AL)D )

+ 1, (Cy (ByDys +Byg) + B (Cyy +1)Dy, ) +1,Cy (A, (ByDyg +Byg)

+(Ay —Ap)BxD L)+, (ALB,(Cy +D) + (A, —AR)BLC,)Dy,

_ +MALB4(Cyy +D)+ (A —AL)BLCy)

4

1By (A, (1=Cy D) +Coy (AyDyg +Ay) +(ACy +AL)D )
+1,(Cy (ByDys +Byg) + B (Cyy +1)D ) + 1, Cyq (A, (B D yg +Byg)
+(Ay —AR)BED,) + 1, (ALBL(Cyy +1) + (A —A,)B,C,)Dy,

... (21)
let us denote;

1
f= mGo(l ZR) 1= £ [A¥ + AisZ + ALR|
1
+u,Go(X,Z,R) [1 7 (B, + By X + BysZ + BZ4R)]
1
+‘u3G()(X, Y, R) [1 - Z(C?) + C31X + C32Y + C34R)]

1
+u,Go(X,Y,Z) [1 — E(D4 + Dy X + DyyY + D43Z)]
and

1
g = A(l - X) + Hq [1 - }(Alzy + A13Z + A14R)]
1
+u, [1 % (B, + B;1 X + B, Z + BZ4R)]
1
+ﬂ3 [1 - E(C3 + C31X + C32Y + C34R)]

1
+,u4_ [1 - E(D4 + D41X + D4_2Y + D43Z)]

Let Lg: denote the mean queue length at the 1% server S;.

(afj (aZgj (agj (a”j
_ oxX (1111) axz (11,11) oxX (1111) 8X2 (1111)

L 1 2
9
8X 1111
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(U1Gy — PB1 Gy — p3C31G3 — g Dyq Go) (—214)
_ +(A+ uy — Bypy — C3qt3 — Dagpa) (—2p44G1)

Lg, =
1[=2A+ 1 — Baypty — Ca1p3 — Daqpg]?
orLq, = —p [(#1G1—#232162—ﬂ3C31G3—ﬂ4D41G4) Gy
1 ] (-A+p1—#2Bo1 ~p3C31~HaDar)? (=A+p1—pzB21—p3C31—UaDy1)
...(22)

Let Lqg, denote the mean queue length at the 2™ server S.

(5) 0 ) s+ )0 (679
oY (1,1,1,1) ay? (1,1,1,1) ay (1,1,1,1) ay? (1,1,1,1)

LqZ = a 2
g
2 [<ay>(1,1,1,1)]
—(U1A12G1 + UGy — U3G3Csp — Py GaDyn) (—2p,) +
Lg, = (mtaA1z + 1y — 13Cs5 — paDyp) (=20, G5)
2[(—u A1z + pp — p3Csp — paDyr)]?
Lao= —p, (—#1A261+#262—#363532—#4G4ZD42) G2
23) (—H1A12+H2—p3C32—HaDy2) (—u1A12+H2—13C32—UaDs2)

Let Lgs denote the mean queue length at the 3™ server Ss.

@) ) * (). (675)
0z 1,1,1,1) 0z* 1,1,1,1) 0z (1,1,1,1) 0z* 1,1,1,1)

2
ag
2|3), |
[ aZ (1,1,1,1)

Lgs; =

(—11G1A13—U2G2B23+13G3— 14 GaDa3)(—2p3)+
(—p1413—H2Bo3+H3—14D43)(—213G3)

L 3=
g 1[(~H1A3~U2B23+13—1sDg3)]?
Lga= —u (—#1G1A13—U2G2B23+U3G3—14G4D43) G3 ]
3 (=H1A13~12Ba3+U3—[14Dy3)? (—#1A13—H2B23+U3—UaD43)
...(24)

Let Lg4 denote the mean queue length at the 4™ server S,.

N ) I C I -9
R 1,1,1,1) oR? 1,1,1,1) dR (1,1,1,1) dR? 1,1,1,1)

Lq4 = 6 2
2|(58)......]
[ aR (1,1,1,1)
(—1G1A 4 — P2GoBag — U3G3Cays + 1y Ga) (—214y)
Lq, = +(—#1A14 — 12 Bas — U3Cs4 + 114) (=214 Gy)
=
2[(—u1A14 — U2Bos — p3Cs4 + py))?
Lau= — (=#1G1A14—H2G2B24—13G3C34+14Ga) Gy
q4_ l’l4 (~p1A1a—iz Bra—p3C 2 _ _ _
U1A14—U2B24—13C34+1e) (—#1A14—p2B24—U3C34+ 1)
... (25)

If Lg be the mean queue length of the whole system then
Lg= Lai+Lga+Lgs+Laa
From (22), (23), (24) and (25) we have

Lg=—p (U1Gy — p2Br1Gy — p13C31G3 — 114 D41 Gy) Gy ]
(A1+m— _#2321 — #3C31 — p4Dyq)? (=4 + 1 — UaBy1 — 13C31 — aDyy)
+ -, (—p145Gy + [y Gy — psG3Cap — 144GoDy) Gy ]
| (11412 + iy — p3C35 — UsDy3)? (=p1A12 + py — p3C35 — pyDyy)
_ [(_ﬂ1G1A13 — U2GyBaz + pi3Gs — 1y G4Dy3) Gs
Hs (=143 — t2Baz + p3 — paDys)? (—=p1A13 — 2 Baz + p3 — 14Dys3)
+—u, [(—11G1A14 — H2G3 By — 13G3C34 + 14 Gy) Gy
(26) (11414 — 2B — p3C3s + 1y)? (—u1A14 — Uz By — t3Cs4 + 1y)

where G1, G, Gs and G4 are given by (18), (19), (20) and (21).
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4. Conclusion

Thus, we can compute the mean queue length of the feedback queuing system with four servers and a limited chance of
customer’s revisits to any server using (26). A queue management system helps businesses by increasing productivity,
doing away with the logistical needs of a physical queue (such as floor space, barrier costs, and customer traffic flow
etc.) and providing useful information based on user data.
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