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ABSTRACT

Let G be a non-trivial connected graph with vertex set V (G). A subset D of V(G) is said to be a dominating set if all the
elements of V-D are adjacent with at least one element in D. A minimum dominating set is a dominating set with
minimum cardinality and its value is known as its domination number, denoted by y (G).

If D' is a dominating set in V-D is called the inverse dominating set of G with respect to D. The minimum cardinality
taken over all inverse dominating sets of G is called the inverse domination number denoted by y'. In this paper we find
the inverse domination number of the resultant graphs obtained by the Kronecker product of some standard graphs with
path.

Keywords: Domination, inverse domination, Kronecker product.

1. Introduction

The theory of domination began around 1960. In 1958, Berge formalized this concept. In 1962 O. Ore has used the term
dominating set and domination number for the same concept in Graph Theory. This theory has been used in document
summarization and designing secure for electrical grids. In 1991, the research paper of Kulli and Sigarkanti help to
study the concept of inverse domination.

The Kronecker product Gi1(K)G; of two graphs G; and G is defined as V(G1 (K) G2)=V(G1)xV(Gy)
and E (G1 (K) G2) = {(u1,v1) (uz2v2) : uiuz €E(G1) and vavo€E(G2)} It is also hamed as the direct product and Tensor
product.

Definition: 1.1

A walk in G is a finite non-null sequence W=vgeivieavs.....,exvk Whose terms are alternately vertics and edges. A walk is
called a path if the vertices are distinct. A closed path is called a cycle. Number of edges in a cycle is called its length.
Path and cycle of n vertices respectively denoted by P, and C,

Definition: 1: 2
The open neighborhood of veV/(G) is the set of all vertices which are adjacent to v. Thatis N(v) ={u/uv € E(G) and
UeV(G)}, closed neighborhood of veV(G) is defined as N[v]=N(v)u{v}

Definition: 1:3
The upper and lower sealing of x is defined as

[x]={ xif x €N ; [xj={

[x + 1] otherwise

xif xEN
[x] otherwise

Preliminaries

Result 1:

If G = P, then v/(G) = [g] foralln>3

Result 2:

If G = Cy then y'(G) =y(G) =k if n =0 (mod 3) & n =3k
Theorem 1.1

ifm=0 (mod 3)
ifm=0 (mod 3)

ifm =1 (mod 3)
ifm=1, 2 (mod 3) for all m, n and m > n.

ifm=2 (mod 3)

Let G; and G2 be any two paths of length m and n respectively. G = G; (K) G2 then the domination and inverse
domination number of G is
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Proof:

Let G; and G be the path of length m and n respectively such that m > n.

Let V(Gy) = { ui/1<i<m} ; V(G2) ={Vv;/ 1 <j <n} and d(u1) = d(um) = d(vy) =d(vn) = 1

G is the Kronecker product of G; and Ga.

Now V(G) = {uivi/1 <I<m;l <j < n} with

d(u1vi) = d(usvn) = d(Umvi) = d(umvn) = 1

d(uivj) = d(uivi) = d(uiva) = d(unv)) = 2 forall 1I<i<m;1<j<n
d(uivj)=4forall2<i<m;2<j<n

Case (i):

If m =0 (mod 3)

Choose D and D' are the subsets of V(G) such that

D={usyv;/1<j<;1<i< |2} and

D'= {u3i_2 Vi upp /1 < j < ml <i < [?]}

Clearly N[D] = N[D] = V(G) is the required minimum dominating and inverse dominating sets of V(G).
=>D|=n [?]& D= (n+1) [g] ...... (i)
If m =1 (mod 3)

Choose D and D' such that

D:{u3i_1v]- jup; /1 <j<n;1 <1< [?]}

D'=fug, v/1<j<n;1<is |5

where D and D' are the required dominating and inverse dominating sets with

ID|=n [%] &[Dl=n [%] ...... (ii)
If m=2 (mod 3)

Choose the subsets D and D' of V(G) such that

D={uyavy/1 <j<n;1<is< |2

D'=fug, v/1<j<n;1<i< |2

Now D and D' are the minimum sets of V(G) such that

N[D] =N[D] = V(G) and

ID|=n [%] and |D'=n [%] ...... (iii)
From the above equations we get

n[3]

y(6)= {n[5+1] if m =0 (mod 3)
n[5] ifm=1(mod 3)

v (G) = ”E:l] if m =0 (mod 3)
n[3] ifm= 1,2 (mod 3)

Hence the proof

Result 1.2
If Gi =Pn ,G2=Pn, G=Gi(K) G2 then the domination and inverse domination numbers of G is y(G) < n[?] and y'(G) =

n[m + 1] for all m>n
3
Theorem 1.3
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Let G be the Kronecker product of cycle of order m and a path of order n then the domination and inverse domination
numbers is given as
m

n [ if m =0 (mod 3)
Y(G)=v'(G) = N [m]
Proof - : otherwise
Let G be the Kronecker product Of Cm and Pn. 111U VUILUA DU UL Um allu 1 p a1¢ taken as
V(Crn)={u/1<i<m}and V(P,)={v;/1<j<n} with
d(u;) = 2 for all i, u; adjacent with u;s and u; ;1<i<n-1
d(v1) = d(vn)=1 and N(vj= {Vi.1, Vi+1}/ 1 <1 <n; i modulus n
LetV(G)={uw/1<i<m,1<j<n} with
d(u; vi) =d(u; vo) =2 forall 1 <i<mand
d(uiv)=4 for alll<i<mandl<j<n
Case (i) If n =0 (mod 3)
ChooseD={us.vj/1<j<m;1<i<[2} | .. (i)

D'={u31-117j/1 Ssjsnlsis [?]}

Case (i) Ifn=1, 2 (mod 3)

Choose D={usiovj;upav/1<j<mi<i<[Z]} | ... (i)
D’:{u3i_1v,-; u,v/1<j<nl<ics [?]}

In both cases the minimum disjoint sets D and D’ satisfy

N[D]=N[D'] = V(G).
=> D and D' are the required minimum dominating and inverse dominating set of V(G) with

DI =D’ = n[%] if m=0 (mod 3) and
DI = |0 = n[Z] if m=1,2 (mod 3).

—=vG) =7 (G)= n ';‘] m= 0 (mod 3)
n ?] otherwise
Theorem 1.4

Let G; and G; are the cycles of order m and n respectively. G be the Kronecker product of G1 and G; then y(G) =y'(G) =
? where m,n =0 (mod 4)
Proof :
Let V(G)={u;/ 1 <i<m } and V(G2) = { v;/ 1 <j <n }are the vertex sets of G: and G: respectively. G = G1(K)G..
Now V(G) ={uv/1<i<mand 1 <j<n}.
Clearly, d(uy;) =4 and N(uv;) = {Ui-1vj-1 ;u1Vper Jupavi1 suvi} Tor all i, j
Choose D and D' are the subset of V(G) such that
m

D—{u4i_2v4j_3; Ugi—oVaj2; Ugi— Vajozi Usgi—1Vaj—2/ 1 < 1 < " foreachi,1 <i < :}

D'= {u4i_2 Vaj—1; Uai—2 Vaj; Ugi1 Vaj1; Uai-1Vaj/ 1 < < % foreachi,1 < i < %} Clearly, D and D' are disjoint
minimum subsets of V(G) satisfies

N[D] =N[D'] = V(G).

Hence D and D' are the required dominating and inverse dominating sets of V(G) with

D| =D ==%

2 G =v(G)=""

Theorem 1.5

G is a path graph of order m and G, be a complete graph of order n, then G is the Kronecker product of G; and G, then
Y(G) =v'(G) =m.

Proof :

Let V(Gy) ={ui/ 1 <i<m }and V(G2) = {Vvj/ 1 <j<n} be the vertex sets of Py and K respectively.
V(G)={ujvj/1<i<m; 1 <j<n }be the vertex set of G; where G = P, (K)K, with

d(uivj)=2 (@ —i)foralli;l1<i<mandd(uivj)=n—1foreachi=1, m.
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Clearly, N(uj vj) = { Ui-1 Vi, Uis1 Vi / j #k }.

Let Dk={uiw/1<i<m}:1<k<n (1)
Dy={wvj/1<j<n}, 1<k<m. L (i1)

From eqgn (i)-for any fixed k, no two elements of Dix are adjacent in G. In similar, from eqn (ii) for any fixed k, no two
elements of Dy are adjacent in G.

Choose Dik < V(G) such that

Di={ujvi/1<i<m}

Dizz{UiVZ/iSiSm}

Din={UiVa/1<i<m} satisfies

N[Di1] = N[Diz] = ....= N[Din] = V(G).

Hence, each Dik, 1 <k <n, is the minimum set which satisfies the condition

N[Di] = V(G) foralli=1, 2, ...;mfor fixedk=1,2, ..., n.

Also Dix N Dit =@ if k#t

Hence, every Dik € V(G) for any fixed k =1, 2, ..., n is the required dominating set and another Dit < V(G) such that 1
<t<nandt#k are the dominating and inverse dominating sets of V(G).

Therefore, each dominating set Dy for any fixed k of V(G) we have (n —1) inverse dominating sets with same
cardinality.

That is, Dii,1 <i<m, is a dominating set of V(G),

then Dik, 1 <i<m, 1 <k <n, are the inverse dominating sets of G.

Hence, y(G) =7’(G) =m.

Hence, the result.

Theorem 1.6
Graph G is the Kronecker product of Cr, and Ky, then the domination and inverse domination numbers is given by

if m is even and m = 0 (mod4)
if m is even and =~ is ood

ifm=1 (mod 4)
if m =3 (mod 4)

BEnE)

0 - feapl
UslEl+ 5]
if m is even and m = 0 (mod4)
if m is even and % is ood

ifm=1 (mod 4)
if m =3 (mod 4)

m ’
4 [%] +2(n—1),
V@1 (2] no
4

m m

[5]+3[5]+n
Proof:
Let Ch and K are the cycle of order m and complete bipartite graph of order n+1 respectively. with
V(Cm) ={ui/ 1 <i<m},V(Kyn) = {vj/ 1 <j <n} Such that deg(vo) = n.

Let G be the Kronecker product of Cr, and Kinthen
V(G) ={uvj/ 1 <i<m, 0<j<n} such that
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Proof:
Let Cn and K are the cycle of order m and complete bipartite graph of order n+1 respectively. with
V(Cm) ={ui/ 1 <i<m},V(Kyn) = {vj/ 1 <j <n} Such that deg(vo) = n.

Let G be the Kronecker product of Cr, and Ki,nthen

V(G) ={uiv;/ 1 <i<m, 0<j<n} such that

d(uivo) = 2nand d(uivj) =2 forall  <i<m, 1 <j<n.

Case (i): mis even and m =0 (mod 4)

then G is two disjoint components G: and Gz with

V(G1) = {UzVo;Uzi1 Vi /1 <i <75 1 <j<n} and

V(G2) = {Uzia Vo;uzi Vj/ 1 <i < 25 1 <j<n} with

d(uaivo) = d (u2i1 Vo) = 2n and d (Uzi-1 vj) = d(uzivj) =2 forall 1 <i <
Since Gi and G: are the disjoint components of G.

Hence, dominating and inverse dominating sets of G: and G: respectively are the dominating and inverse dominating
sets of G.

Choose D: and D1’ are the disjoint minimum subsets of V(Gi) such that

Di={wyovosman /1 <i<2 ) (i)

D/ = {u4i_2v0; U3V /1 <1 < E}

4
are the minimum subsets of G which satisfy N[Dif= N[D:'] = V(G1)

In similar choose D2 and D>’ such that

D:= {U4i_3 Vo ; Uai-2 V7 / 1<ic< %} & (11)
D, = {u4i_1 Vo Usiv /1 £ 1 < %}

are the minimum disjoint subsets of G: satisfies

N[D:] = N[D:'] = V(G2).

Therefore, D =D: U D2

. m
D= {u4i—21705 Ugi—3V0; Ugi—3V1 5 Ugi—2V1 /1 S 1 < :} and

m .

"=Di U D,
D' = {u4i_v0; Ugi-Vy; Ugiog Vg; UgiVq/ 1 < 1 < %}
are the required minimum dominating and inverse dominating sets of G with
Dl =D =4(%)
sD/=D|=m @

Case (ii): If m is even and ? is odd.

In this case, we get the graph G as the two disjoint components of G; and G, each components having odd number of
vertices with degree 2n.

Let V(G1) = {Uai Vo; Uzi1 Vj/ 1 Siﬁ%; 1<j<n}and

V(G2) = {uza Vo Uz v/ 1 <i< 5 1<j<n}

Since G is the union of G; and Gy, clearly dominating and inverse dominating sets of G is the union of the dominating

and inverse dominating sets of G; and G, respectively.
Choose D; and Dy’ are the disjoint subsets of V(G1) such that

Di={uiovo; usevi/ 1<i<[H1<k<[Epa ) L (iif)
Di'= { waVo; tacaVi; Unvj/ 1 <i< [%] 1<k< [%]1 1<j<n}

Clearly, D; and Dy’ are minimum sets satisfies

N[D1] = N[D1] = V(Gy).

Hence, D1 and D4’ are the minimum dominating sets of Gi.

In similar, choose D, and D’ are the minimum disjoint subsets of Go.

D2 = {us-svos uava /1 <i [7] 11 <k< [2] 3& }...(iv)
D2’ = { Usi-1 Vo U2 V1 5 UnVj/ 1 <i< [%]; 1<k [%]— 1;1<j<n}

Clearly the sets D, and D' satisfies

N[D:] = N[D2] = V(Gy)

Hence, D, and D' are the minimum dominating and inverse dominating sets of Go.

Hence, D =D; U D;
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D2' = { UsiVo; Uak-1V1;U1 Vj ;Ugi—1Vo;UakeaVe; UnVj 31 <1< [%] I<k S[%]—l;l <j<n}
are the required dominating and inverse dominating sets of G.
_ m m
D1 = 24[F] +[3]y and
0 _ Aalm m
|D|—2[:]+ 2{ [Z]‘ B+20 | ®
= 4[]+ 2(0-1)
Case (iii) If m is odd, and m =1(mod)4
for all odd m, we get G is a connected simple graph with
V(@) ={uvj/1<i<m;0<j<n} with
d(uivo) =2m;1 <i<m;d(uiv))=2forall 1 <i<m;1<j<n
also, N(uzivo) = { UgiaaVj; Uzis1vj / 1 <1< [%] ;1<j<n}and

D= { Uygi—2Vo; Ugk+1Va: Ugi—3Vo: UaVa / 1 <1 [%], 1<k < [%]} and (V) ‘J'

N(Uz2i-1vo) = {Uzi2Vj; Uzivj/ 1 <i< [%] 1<j<n}
Also, N(uwvo) = { Umvj; Uvj / 1 <j<n}
In this case we choose D and D' as

D = { U4-3Vo; UajVo; Uak2Va; Ug-3va/ 1 <i< [%] ;1< k1< [%]f} ....... (vi)
D' = { Uy 1Vo; Usi-2Vo; UgiVe; UgeVa; UnV i/ 1 <i; js[%] 1<k< [%]—1;15 1<n}
Clearly D and D’ are the disjoint subsets of V(G) satisfies N[D] = N[D'] = V(G) with
_[m m]
o= 5]+ 3[5]- &
N— m m _ .
=3 e ©
D= 4% +n-1.
(Case (iv) If m is odd and m = 3 (mod 4))
In this case G is a connected graph similar to in Case (iii) but the dominating and inverse dominating sets are different

from Case (iii).
Let V(G) ={uvj/1<i<m;0<j<n} with

Choose D = {U-3Vo; Ugi-Vo] Usi—2V1; Ug—riVe/1 <i< [%] 1<j< [%]} ...... (vii)

and D' = {uy-Vo; Ugj Vo; Ugi3 V1; Ugi—3V1; UmVe / 11 < [%];15 jk1 5[%];15 t<n}

Where D and D' are the minimum disjoint subsets of V(G) with such that N[D] = N[D] = V(G) with
_alm m

D= 3H+ H ...... ()
a_ [m m

D= [ 3] +n

ifmiseven &m=0(mod4) e icevenandm=0 (mod 4)

if m is even and = is odd m
2 if mis even and oy ood

ifm=1 (mod 4)
if m =3 (mod 4)

ifm=1 (mod 4)
ifm =3 (mod 4)
From (a), (b), (c) and (d) we get
( m m’ m
G_wz{h]+hﬂ
=) o[
5]+ 35
( m
4% 2 -1)
-

YERE
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Corollary 1.7

By Theorem 1.6, GS = Ci (K) K,y then y(G) = m for all m > 4.

Proof :

if m is even and m = 0 (mod 4)

if m is even and % is ood

ifm=1 (mod4)
if m =3 (mod 4)

By theorem 1.6

2 {[2] + [2]),
]+ af2),
a2+ 2],

Case (i): If m =0 (mod 4), no need to prove.
Case (ii): If m is even and ? is odd

-2 2]+ 2]
o[ [
[ )
-2

-2 e

=4k + 2
=m.

Case (iii):

Ifm=1 (mod4);letm=4k+ 1.

76 =[]+ 3[]
— 4k+1 3 4k+4
Jill; l{&ll

4
_ 16k+4

4
4k+1
4

Case (iv):

If m =3 (mod 4); let m = 4k + 3.

76 =3 3]+ [7]
3[4k4+3] + [4—k4+3]
- 3[4k+43+1] + [%]
- 3(4k+4) + 4k

4 4
_ 16k+12

4
_ 4(4k+3) _

From4equations (i), (ii), (iii) and (iv), we get

y(G)=m.
Hence the proof.
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