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Properties Of Distributive, Neutral And Standard Elements Of A Lattice -

Dr.K.V.R. Srinivas'’,
YProfessor ,GIET Engineering College, ajahmundry.

Abstract: In this paper mainly we have obtained important properties of Distributive, Neutral and standard elements of
a lattice. And also we have obtained certain equivalent conditions for a Distributive lattice.

Introduction: Distributive, standard element and Neutral elements are Defined in General Lattice Theory by Gabor
Sazaz .In this paper first we gave important examples for these three elements. We also obtained important equivalent
conditions for Distributive element which is obtained in Theorem-1. We also obtained important equivalent conditions
for Standard element of a lattice which is obtained in Theorem-2. We also obtained important equivalent conditions for
Neutral element of a lattice which is obtained in Theorem-3. It is to be observed that we have obtained important
characteristics for Distributive ,Standard and Neutral element of a Lattice.

Key words: Distributive element of a lattice, Standard element of a lattice,
Neutral element of a lattice.

First we start with the following Definition:
Def1: Distributive element: Let ‘L’ be a lattice. An element a€L is called distributive element iff a V(x/\y)=(a V x)

Navy) ¥ xyEL.

The following is an example which contains distributive elements
Ex1:

0

Clearly the elements {0,a,b,1} are distributive elements
NOTELX: For a Distributive Lattice, every element is an Example for a non-modular lattice which is non-distributive will
contains distributive element
Ex 2:
1

0

Clearly the element b is distributive as b V (a/\c) = bV0=b
(b Va)A(bVc)=bADb V c)=bAl=b
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b V (b/\c) =bVO=b imply that b/A1=b. And the element a is not distributive element.
Itis observed in the Lattice that Non-modular imply that Non-distributive.
Def2: An element ‘a’ of a lattice ‘L’ is called standard Iff
xa(@avy)=(xaa)v(xay) for all x,yeL
Ex3: InNs, 0,l,a are standard elements but ‘c’ is not standard element as

1

ba(cva)=bal=band (bac)v(bra)=0v (bra)=0va=a

But a=b and hence ba(cva)# (bac)v(baa)

Def 3: An element ‘a’ of a lattice ‘L’ is called Neutral element iff
@ Ax)v (XAY)V (Y Ad) =(avX)A (X wWA(y va) forall x,yeL

Ex 4: In Ns

0

0 and 1 are Neutral elements.
In Ms 0and I are distributive lattice is distributive, standard and neutral.

REMARKZ1: Every element of a distributive Lattice is distributive, standard and neutral.

THEOREM 1: Let ‘L’ be a lattice and ‘a’ is an element of ‘L’ then the following conditions are equivalent.

1) ‘a’ is Distributive

2) The mapping ¢2 :x—*avx is a homomorphism on to [a)

3) The binary relation on = on L is defined by x=y iff avx= avy is a congruence relation

1 =2 Let “a’ be a distributive element then for for all x,yeL a V(x/\y)=(a V x) /A\(a V y). Define ¢ : L on to (a] by
@ (x)=avx Forany a, b € L, witha= b sothataV b = b and hence ¢ (b)= ¢ (avh) and hence the mapping
¢ is on to [a).Since for x, y&= L, x@ Vy@=(aVx) ,""-.(a Vy) =av(xvy) =(xvy) @ IAnd also xg0 Ay@ =(aV
x) A@Vy) =avixay) =(xy) @

2=3.  The binary relation ¢2 is on to L is defined by x =y (§2 .)iff (a V x)= (a V y)is a congruence relation.
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Since a =a ({0 ) imply that ¢7 isReflexive.
Letx =y ({2 o) iff xva=yvaiff avx=avy
Iffy =x (¢ 2) and hence ¢ a is symmetric.

Let x =y ({0 o) and y =z ({0 o)Imply that (a V x)= (avy) and avy=avz imply that avx=avz so that x =z (7 .) and
hence is transitive.

Let x =y ({2 2)and y =p (¢? »)so that avx= avy and avy= avp

Imply that avx=avp

Now av(yvp)=(avy)v (avp)=av(yvp) imply that (xvz,yvp)e ¢ a

And also av(xaz)= (avx)A (avz)= (avy)A (avp)=av(yAp) imply that (xAz,yrp)e ¢Z 2 and hence 7 . is a congruence
relation.

3 =2 1.Since xva =(avx)va=x=avx((@ . ) and y=avy((@ . )

Imply that (xAy)= (avx)A (avy) ({2 2 )

av(xay)=av[(avx)a (avy)]= (avx)a (avy) and Hence ‘a’is distributive.

THEOREM2: Let ‘L’ be a Lattice and ‘a’ is an element of ‘L’ then the following conditions are equivalent. x=y(¢7 a )
1) ‘@’ is standard

2) The binary relation {2 . on L is defined by x=y(¢7 . ) iff (xAy)vai=xvy for some ai<a is a congruence relation.

3) ‘a’ is distributive and for x,y eL, aanx=aAy and avx=avy imply that x=y.

Proof: Suppose 1=2> 2 holds and Let ‘a’ be a standard element

i.e., av(xay)= (avx)a(avy). Define a binary relation ¢2 on L by x= y(¢? o) iff (xAy)vai=xvy for some a;<a.

First it is to be observed that the relation {2 , is an equivalence relation.

Compatibility: Let x<y and x= y(¢2? ») i.e. xva;=y with a;<a

For teL, (xvt)vai=yvtso that xvt= yvt ({2 a).Since yat <y= xvai< xva we have yat =( yat)v(xva)= [( yA)AX]v

=[( yAt)ra]=(xAt)va, where a;= yataa<a and hence ¢ , is a Congruence relation.

2=3

Let ¢2 5 be the congruence relation on a lattice ‘L’

Let anx=aAy and avx=avy

Since y= av y(7 a ) , XAy=xA(avx)= X(¢7 a ) and hence x= (xay)va; for ai<x imply that a;<arx= aay so that x=xay
imply that x<y. Similarly y=xAy imply that y< x and hence x=y.

3=2> 1 Let ‘a’ be a distributive element and for X, yelL, anx=aAay and avx=avy imply that x=y.

Define b=xA(avy),c=(xAa)v(XAY).

Now we claim that b=c.

By using 3, it is sufficient to show that anb=aAc and avb=avc .

Now avb=av[xa(avy)]=(avx)A(avy)=av(xra)v(xAy)=avc.

Similarly anb=anc imply that b=c.

THEOREMS: Let ‘L’ be the Lattice and let ‘a’ be an element of ‘L’ then the following conditions are equivalent.
1) Element ‘a’ is neutral

2) Element *a’ is distributive, ‘a’ is dually distributive and

anx=aay and avx=avy imply that x=y for all x,yeL.

3) There is an embedding ¢2 in to a direct product AxB where ‘A’ has <a,1>and B has <a,0> and a{? =<1,0>
4) For every X, y&E L, the sub lattice generated by a, x and y is Distributive.

Proof: 1=2> 2.Let ‘a’ be neutral element then (@rx)v(xay)v(yaa)= (av)A(xvy)a(yva).For a<x, av(xay)=(avx)a

(avy).Now, av[@rx)v(xay)v(yrd)]= av[(@vx)axvy)a(yva)]=av[ta(xvy)] where t=(av)an (yva)= (avi)A[
av(xvy)]={av[(avx)a(yva)]}rav(xvy) and hence ‘a’ is distributive .Similarly ‘a’ is Dually distributive and hence
1=2 holds.
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2=1 Suppose ’a’ is distributive, and ‘a’ is dually distributive Now we claim that ’a’ is Neutral
i.e,av(xay)=(avx)a(avy)
We have (aax)v(xay)v(yaa)=[(arx)vX]A[ (@arx)vyv(ysa)]=(av)A(xvy)A(yva)
Imply that ‘a’ is neutral. Hence 1 and 2 are equivalent.
It is easily observed that 2=3holds.
3=4 Case I: If x and y are comparable and if x<y then O<x<y imply that
{0,x,y }isasub lattice. Case Il_: if x and y are not comparable

X\/'Y

XY

XAy

XAY

Which are distributive
The sub lattice generated by
(a,x,y) in Lo is P1(a,x,y) wherex,yeLi pa(a,x,y) and Ps(a,x,y)

By using 3 There is an embedding ¢2 in to a direct product AxB where ‘A’ has <a,1>and B has <a,0> and a{p =<1,0>
Hence the sub lattice generated by a, x and y is Distributive
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