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Abstract: Let G be a simple, finite, connected, undirected, non-trivial graph with p vertices and g edges. V(G) be the
vertex set and E(G) be the edge setof G. Let f:V(G) —» {a,a+d,a+ 2d,a+ 3d,...,a + 2qd} wherea=0andd > 1
is an injective function. If for each edge wv € E(G),f*:E(G) - {d,2d,3d,4d,...,qd} defined by f*(uv) =
|f (w) — f(v)] is a bijective function then the function f is called arithmetic sequential graceful labeling. The graph with
arithmetic sequential graceful labeling is called arithmetic sequential graceful graph. In this paper, we proved complete
bipartite graph with pendant edges are arithmetic sequential graceful graph.

Keywords: Graceful labeling, Arithmetic sequential graceful labeling, Complete bipartite graph

1. Introduction

Graceful labeling is a classical graph theory concept where each vertex of a graph is assigned a unique integer label,
ensuring that the absolute differences between labels of adjacent vertices are distinct. In complete bipartite graphs
k. nWith pendant edges, this labeling technique involves assigning labels to the vertices such that these differences remain
distinct despite the additional complexity introduced by pendant edges. A complete bipartite graph consists of two disjoint
vertex sets, with every vertex in one set connected to all vertices in the other set. Pendant edges connect a vertex of degree
one to the graph, adding further constraints to the labeling process. In this paper, we proved complete bipartite graph with
pendant edges are arithmetic sequential graceful graph.

2. Definition

Defintion 2.1: A graph obtained by attaching [ pendant edges to the vertex u, of the complete bipartite graph K, ,, with
the vertex set {u;: 1 < i <m} U{v;:1 <j <n} isdenoted by k., , © u, (1).

Defintion 2.2: A graph obtained by attaching [; pendant edges to the vertex u, and attaching [, pendant edges to the
vertex u,, of the complete bipartite graph K, with the vertex set {u;:1 <i <m}u {vj: 1<j< n} is denoted by
km,n o ul,m(llﬁ lz)-

Defintion 2.3: A graph obtained by attaching [, , I, and l; pendant edges to the vertex u, , u,, and v, of the complete
bipartite graph K,,, ,, with the vertex set {u;: 1 < i < m} U {vj: 1 <j <n} isdenoted by ky,, @ Uy vy (ly, Lo, Ls).
Defintion 2.4: A graph obtained by attaching I; ,l, , 5 and [, pendant edges to the vertex u, , u,,, v;and v, of
the complete bipartite graph K,,, with the vertex set {u;l1<i<m}u {vj: 1<j< n} is denoted by
km,n @ ul,mvl,n (ll' l2' l3' 14-)-

3. Main Result

Theorem 3.1: The graph k,, , © u, (1) admits Arithmetic sequential graceful labeling.
Proof: Let G be a k,,, ,, © uy (1) graph.

V() = {upl <i<miufv:l <j<njufx:1 <k<l}and
EG)={wvil<i<m1l<j<nju{ux:1 <k<l.

V@) =m+n+l1

IE(G)|=mn+1

We define a function f : V(G) —» {a,a+d,a+2d,a + 3d,...,2(a + qd)}

The vertex labeling is as follows:

fw) =a+ [i—1]d 1<i<m
f(vj)) = a+[mjld 1<j<n
fx) =a+[mn+kld 1<k<l

By above labeling pattern, we observed that function f : V(G) —» {a,a +d,a+ 2d,a+3d,...,a+ 2qd}is1—1.
From the induced function f*: E(G) — {d, 2d, 3d, 4d, ..., qd}, we get the edge labels as follows.
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Table 1: Edge labels of the graph k,,, © us ()

fr Edge Labels Value of i, j and k
|f(ui)—f(vj)| [1-i4+mjld 1<i<ml<j<n
If (1) = f (i)l [mn+kld 1<k<l

From the above table 1, we observed that f*: E(G) — {d, 2d,3d, 4d, ..., qd} defined by f*(uv) = |f(w) — f(v)| is a
bijective. Hence, f is arithmetic sequential graceful labeling and the graph k,,, , ©® u, (1) is arithmetic sequential graceful
graph.

Example 3.1.1: Arithmetic sequential graceful labeling of the graph k3 , © u;(9)

a+18d e *7

X5
a+17d
a+21d
X4
a+ 16d a+2d
X3,
a+ 15d
X2
a+ 14d
a+ 13d
V1 (%] U3 Uy
a+3d a+ 6d a +9d a+12d

Theorem 3.2: The graph k,, , © uy ., (11, I;) admits Arithmetic sequential graceful labeling.
Proof: Let G be a k;, ,, © uy ,,, (14, 1) graph.

V(G) = {u;:1 SiSm}U{vj:l San}U{xk:l <k<l}u{y:l <k<l}and
EG = {wvil <ism1<j<nju{uyx:l <k<LIU{u,yel <k <L)
V@] =m+n+1l +1,

IE(G)|=mn+1+1,

We define a function f : V(G) —» {a,a+d,a+2d,a+3d,...,a + 2qd}

The vertex labeling is as follows:

fw)=a+ [i—1]d 1<i<m
fv)=a+[mjld 1<j<n
flx) = a+[mn+kld 1<k<l
fO)=a+mn+l,+m—-1+kld 1<k<l,

By above labeling pattern, we observed that f : V(G) — {a,a+d,a+2d,a+3d,...,a+ 2qd}is1 —1.
From the induced function f*: E(G) — {d, 2d, 3d, 4d, ..., qd}, we get the edge labels as follows.
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Table 2: Edge labels of the graph k,, , © uy,, (11, 1)

fr Edge Labels Value of i, j and k
|f ) — f(v))| [1—i+mjld 1<i<ml1<j<n
|f Quy) = f ) [mn + kld 1<k<l
If (um) = F ) [mn+1; +kld 1<k<l,

From the above table 2, we observed that f*: E(G) — {d, 2d,3d, 4d, ..., qd} defined by f*(uv) = |f(w) — f(v)| is a
bijective. Hence, f is arithmetic sequential graceful labeling and the graph k, ,, © u; (I3, 1;) is arithmetic sequential
graceful graph.

Example 3.2.1: Arithmetic sequential graceful labeling of the graph k3 , © u; 3(9, 6)

a+18d e *7
Xg a+ 19d
Xg
X e a+ 20d V1
a+17d Xg a+ 24d
a a+21d y
X4 a+d a+2d 2
a+16d “ " y a + 25d

s NN

a+13d a+28d
Ve
U1 (23 U3 Vq
a+3d 0+ 6d 4+ 9d a+12d a+25d

Theorem 3.3: The graph k,,, , © uy ,,v; (14, I, I3) admits Arithmetic sequential graceful labeling.

Proof: Let G be a ky, , © uq 1, v4 (I3, I3, I3) graph.

V() = {upl <i<mlufv:l <j<njfu{n:l <k<L}U{y:l <k<I}
Uf{z:1 <k <l3}and

EG) ={wvil <i<sm1<j<nju{uyx:l <k<LIU{u,yel <k <L}
Uf{v, ye:l <k <13}

V@) =m+n+lL+1,+1;

IE@G)|=mn+1+1,+1;

We define a function f : V(G) —» {a,a+d,a+2d,a+3d,...,a+ 2qd}

The vertex labeling is as follows:

fw) =a+ [i—1]d 1<i<m
f(vj)=a+[mj]d 1<j<n
flx) = a+[mn+kld 1<k<l
fo)=a+mn+l;+m—-1+kld 1<k<|
fzx)=a+mn+l+1,+m+kld 1<k<l

By above labeling pattern, we observed that function f : V(G) - {a,a+d,a+2d,a+3d,...,a+2qd}is1—1.
From the induced function f*: E(G) — {d, 2d, 3d, 4d, ..., qd}, we get the edge labels as follows.
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Table 3: Edge labels of the graph k,, , © uy,,v1(l4, 1, 13).

* Edge Labels Value of i, jand k
|f(ui)—f(vj)| [1—i+mjld 1<i<ml<j<n
If (u1) = f Ol [mn + kld 1<k<h
If (um) = f i [mn+14 +kld 1<sksi
If (vy) — f(z)| [mn+1l, +1,+kld 1 <k<l

From the above table 3, we observed that f*: E(G) — {d, 2d,3d, 4d, ..., qd} defined by f*(uv) = |f(w) — f(v)| is a
bijective. Hence, f is arithmetic sequential graceful labeling and the graph k., , ©u; v (I3, 1, 13) is arithmetic
sequential graceful graph.

Example 3.3.1: Arithmetic sequential graceful labeling of the graph k3 , © u; 3v4(9,6,5).

a+18d e*7
x a+ 19d
6
Xg
X ® a+ 20d V1
a+17d Xg a+ 24d
a a+21d y
X4 " a+d a+2d 2
a+ 16d ! uy u a+25d
V3
o+ 15d \l‘\% a+26d
xz " y4-
a+14d ' a+27d
X1 Ys
a+ 13d a+ 28d
UZ 7.73 v4
Cl+3vcli + 6d a+9d a+12d Z6+29d
® 1% (36,
X‘B
YA
X%D‘d
1% 0l >
%
o)
o
'”(,_;Ld
1 X
3 o
03\,
o

Theorem 3.4: The graph k, , © uy ., v1 n (I3, I3, 13, 1,) admits Arithmetic sequential graceful labeling.
Proof: Let G be a ky, , © Uy 101 n (U1, 13, 13, 1y) graph.
V() = {upl <i<mlufv:l <j<nju{n:l <k<L}U{y:l <k <1}

U{z;:1 <k<l3}u{w,:1 <k<l,}and
EG@=f{wvil<ism1<j<nju{uyx:l <k<LIU{u,yel <k <}

U{vy vyl <k <iiu{v,we:l <k <}

V@) =m+n+l,+1,+15
IE@G)l=mn+1+1,+1;
We define a function f : V(G) —» {a,a+d,a+2d,a+3d,...,a+ 2qd}
The vertex labeling is as follows:
fu)=a+ [i—1]d 1<i<m
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f(v]-) = a+[mjld

flx ) =a+[mn+kld
fo)=a+mn+l;+m—-1+kld
fzx)=a+mn+l+L,+m+kld
fw)=a+2mn+L +1,+1;+kld

1<j<n
1<k<i
1<k<l,
1<k <l
1<k<l,

By above labeling pattern, we observed that function f : V(G) - {a,a+d,a+ 2d,a + 3d,...,a + 2qd}is1 — 1.
From the induced function f*: E(G) — {d, 2d, 3d, 4d, ..., qd}, we get the edge labels as follows.

Table 4: Edge labels of the graph k,, , © Uy, V1,1, I, I3, 1y).

fr Edge Labels Value of i, j and k
If () = f(v;)] [1—i+mjld 1<isml<j<n
|f () — f )l [mn+kld 1<k<l
|f () — F ) [mn+1 +k]d 1<k<l,
If (vy) — f(z)] mn+1 +1,+kld 1<k<l,
If () — fF(wi)| mn+1l, +1, +1;+kld 1<k<l,

From the above table 4, we observed that f*: E(G) - {d, 2d,3d, 4d, ..., qd} defined by f*(uv) = |f(w) — f(v)| is a
bijective. Hence, f is arithmetic sequential graceful labeling and the graph k,, , © uy 1, (1, Iy, 13, 1) is arithmetic

sequential graceful graph.

Example 3.4.1: Arithmetic sequential graceful labeling of the graph k3 , © u; 313 4(9, 6,5, 6).

a+18d @ *7
x a+ 19d
6
Xg
X e a+ 20d V1
a+i7d X9+ Zld a+24d
a a
Xa Uy at+d a+2d %
a+16d wy " a+25d
V3
X3,
o \ /‘\ / a+26d
xZ .’ }’4
a+ 14d ' a+27d
X1 v Vs
a+13d 4 a+ 28d
" Uy VU3 a+12d Ve
a + 34 a+ 6d a+9d a + 29d
1% c)d
X"a
N \Nb)( 60d
TN WA (o8
x(b X Aﬁd
1% ad Wa o
%
xq’ o X A‘%d‘
17 rbél \N%A;]d’
X Ws W2 0¥
o a5t yod
fb\ a’\( 0«)(
O«X
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4.

Conclusion

In this Paper, we proved some complete bipartite graph with pendant edges are arithmetic sequential graceful graph.
Labeling pattern is demonstrated by means of illustrations, which provide better understanding of derived results.
Analysing arithmetic sequential graceful on other families of graph are our future work.
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